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Lee classes for pseudocomplemented semilattices,
revisited
M. Spinks and J. Schmid
Abstract. We give syntactic and semantic characterisations of the Lee classes of the
varieties of pseudocomplemented semilattices and pseudocomplemented distributive
lattices. The main result clarifies earlier work of K. B. Lee and of the second author.
1. Introduction
A pseudocomplemented semilattice (PCSL) is an algebra 〈A;∧, ∗, 0〉 where
〈A;∧, 0〉 is a meet semilattice with zero, and for all a, b ∈ A, a∧b = 0 iff a ≤ b∗.
A pseudocomplemented distributive lattice (PCDL) is an algebra 〈A;∧,∨, ∗, 0〉
where 〈A;∧,∨〉 is a distributive lattice and 〈A;∧, ∗, 0〉 is a pseudocomple-
mented semilattice. By Balbes and Horn [2, Theorem 1.1] the class PCSL
(respectively, PCDL) of all PCSLs (respectively, of all PCDLs) is equationally
definable.
For each n ∈ ω, let Bn denote the Boolean lattice with n atoms (B0 is triv-
ial) and greatest element e, and let B̂n denote the lattice obtained from Bn by
adjoining a new greatest element 1 /∈ Bn. It is well known that the algebras B̂n
may be viewed either as PCSLs or as PCDLs. Considered as PCSLs (respec-
tively, PCDLs), the algebras B̂n comprise, to within isomorphism, precisely
the finite subdirectly irreducible members of PCSL (respectively, PCDL); see
Sankappanavar [8, Theorem 1] for the case of PCSLs and Lakser [7, Theo-
rem 2] for the case of PCDLs. The quasivariety Bn := ISP(B̂n), where B̂n is
understood either as a PCSL or as a PCDL, is known as the n-th Lee class.
Lee classes (of PCDLs) were first considered by K. B. Lee in [5]. There,
it was shown that each quasivariety Bn of PCDLs is actually a variety. The
varieties Bn exhaust the non-trivial proper equational subclasses of PCDL;
thus the lattice of subvarieties of PCDL is a chain of order type ω + 1. It was
further shown in [5] that, for n ≥ 1, Bn is axiomatised relative to PCDL by a
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single identity in n variables, viz.:
(x1 ∧ · · · ∧ xn)
∗ ∨ (x1
∗ ∧ · · · ∧ xn)
∗ ∨ · · · ∨ (x1 ∧ · · · ∧ xn
∗)∗ ≈ 0∗. (Leen)
The identity (Leen) is known as the n-th Lee identity.
In contrast, G. T. Jones showed in [6] that B̂1 (considered as a PCSL)
generates PCSL as a variety. Thus the lattice of subvarieties of PCSL is the
3-chain, and the only non-trivial proper subvariety of PCSL is (up to term
equivalence) the variety of Boolean algebras. It follows that the quasivarieties
Bn (considered as classes of PCSLs) are not equationally definable in general.
Lee classes of PCSLs were investigated by the second author in [9]. There,
it was shown that for n ≥ 1, each Lee identity (Leen) may be reformulated
(up to equivalence over PCDL) as a quasi-identity (λ′n) in n+2 variables over
the language {∧, ∗,0}. Notwithstanding these remarks, the n-th Lee class
(considered as a quasivariety of PCSLs) is not axiomatised relative to PCSL
by the quasi-identity (λ′n). Rather, each PCSL-quasivariety Bn is axiomatised
relative to PCSL by a single quasi-identity (μn) in n + 4 variables. The
relationship between the quasivarieties
{
A ∈ PCSL : A |= (λ′n)
}
and Bn+1 is
described in [10, Proposition 4.1].
The quasi-identities (μn) for n ≥ 1, given in [9] are slightly technical in
nature. Moreover, their meaning is somewhat recondite. The aim of this
paper is to show that each Lee class Bn (where Bn is considered either as a
quasivariety of PCSLs or as a variety of PCDLs) may be axiomatised relative
to PCSL or to PCDL by a single quasi-identity (Ln) that, syntactically and
semantically, has a simple description.
Throughout the remainder of this paper, let K denote either PCSL or
PCDL, and assume Bn ⊆ K for each n ∈ ω. Let x\y abbreviate the {∧,
∗,0}-
term x ∧ y∗. It is easy to see that the term x\y realises the binary 0A-
discriminator in the sense of [3] on any bounded chain A (viewed as a mem-
ber of K). Consider the family of {∧, ∗,0}-quasi-identities in n + 3 variables
(0 < n < ω):
x\y ≈ y\x =⇒ x ≈ y, (L0)
n
&
i=0
x\zi ≈ y\zi & &
0≤j<k≤n
zj ∧ zk ≈ 0 =⇒ x ≈ y. (Ln)
For any A ∈ K, it is clear that A ∈ B0 iff A |= (L0) iff for all a, b ∈ A,
ΘA(0, a) = ΘA(0, b) implies a = b (apply [1, Theorem 2.1]).
The main result of this paper asserts
Theorem 1.1. Let A ∈ K. Then the following are equivalent for 0 < n < ω:
(1) A ∈ Bn.
(2) A |= (μn).
(3) A |= (Ln).
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(4) For any family of pairwise disjoint elements {z0, . . . , zn} ⊆ A,
n⋂
i=0
{
ΘA(0, zi)
}
= ΔA.
If A ∈ PCDL, then conditions (1)–(4) are equivalent to
(5) A |= (λ′n).
(6) A |= (Leen).
The remainder of this paper is devoted to proving Theorem 1.1.
2. Proof of the Main Theorem
For A ∈ PCSL, the equivalence (1) ⇔ (2) is [9, Theorem B]. For A ∈
PCDL, the equivalence (2) ⇔ (5) is [9, Corollary 4.2], while the equivalence
(5) ⇔ (6) is observed in [9, Section 2, p. 225]. Of course, the equivalence
(1) ⇔ (6) for A ∈ PCDL is well known. Thus it remains only to establish the
equivalences (1) ⇔ (3) and (3) ⇔ (4) for A ∈ K.
Apropos the next lemma, recall that K satisfies the identities:
0∗∗ ≈ 0, (2.1)
x∗∗∗ ≈ x, (2.2)
x ∧ 0∗ ≈ x∗, (2.3)
(x ∧ y)∗∗ ≈ x∗∗ ∧ y∗∗, (2.4)
x∗ ∧ y∗ ≈ (x ∧ y∗)∗ ∧ y∗. (2.5)
Recall further that for any A ∈ K, the skeleton of A is S(A) := {a∗ : a ∈ A}.
Of course, a ∈ S(A) iff a = a∗∗.
Lemma 2.1. Let A ∈ K and let 0 < n < ω. Then A |= (Ln) iff for all
x, y ∈ A and z0, . . . , zn ∈ S(A),
x\zi = y\zi for all i = 0, . . . , n
and zj ∧ zk = 0 for all 0 ≤ j < k ≤ n implies x = y.
(L′n)
Proof. A |= (Ln) implies A satisfies (L
′
n) by specialisation. Conversely, sup-
pose A satisfies the implication (L′n). Assume x, y ∈ A and z0, . . . , zn ∈ A are
such that x\zi = y\zi for all i = 0, . . . , n and zj ∧ zk = 0 for all 0 ≤ j < k ≤ n.
Notice now that for all i = 0, . . . , n, (z∗∗i )
∗∗ (2.2)= z∗∗i ; thus z
∗∗
0 , . . . , z
∗∗
n ∈ S(A).
Moreover, observe that
x\z∗∗i = x ∧ z
∗∗∗
i
(2.2)
= x ∧ z∗i
(Hyp.)
= y ∧ z∗i
(2.2)
= y ∧ z∗∗∗i = y\z
∗∗
i
for all i = 0, . . . , n, and further, that
0
(2.1)
= 0∗∗
(Hyp.)
= (zj ∧ zk)
∗∗ (2.4)= z∗∗j ∧ z
∗∗
k , for all 0 ≤ j < k ≤ n.
By (L′n), we conclude that x = y. Thus A |= (Ln), completing the proof. 
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The well known Glivenko–Frink theorem asserts (in part) that, for any
algebra A ∈ K, the underlying semilattice ordering of A partially orders S(A),
and makes S(A) into a Boolean lattice (which is denoted here by S(A)).
The proof of the next lemma is inspired by [4, Lemma 15.3].
Lemma 2.2. B̂r |= (Ln) for any 0 ≤ r ≤ n, where 1 ≤ n ∈ ω.
Proof. The result is clearly true when r = 0, so we may assume r ≥ 1. Assume
x, y ∈ B̂r and z0, . . . , zn ∈ S(B̂r) are such that x\zi = y\zi for all i = 0, . . . , n
and zj ∧ zk = 0 for all 0 ≤ j < k ≤ n. Note now that S(B̂r) ∼= Br, where Br
is the Boolean lattice with r atoms. Since Br does not have n + 1 pairwise
disjoint non-zero elements (as r ≤ n), we conclude there is a zl, l ∈ {0, . . . , n},
such that zl = 0. But then
x
(2.3)
= x ∧ 0∗ = x ∧ z∗l = x\zl
(Hyp.)
= y\zl = y ∧ z
∗
l = y ∧ 0
∗ (2.3)= y.
Thus the implication (L′n) holds in B̂r. By Lemma 2.1, we conclude that
B̂r |= (Ln). 
Lemma 2.3. For any 1 ≤ n ∈ ω, B̂n+1 |= (Ln). Hence B̂r |= (Ln) for any
r > n.
Proof. Let z0, . . . , zn ∈ Bn+1 be the n + 1 atoms of the Boolean lattice Bn+1.
Then certainly zj ∧ zk = 0 for all 0 ≤ j < k ≤ n. Since each zi = 0 for
i ∈ {0, . . . , n}, each z∗i < e, whence e\zi = z
∗
i = 1\zi for all i = 0, . . . , n. Thus
the premisses of (Ln) are satisfied in B̂n+1. However, the conclusion of (Ln)
fails to hold in B̂n+1 since e = 1. Thus B̂n+1 |= (Ln). The final statement
now follows since B̂j lies canonically embedded in B̂j+1 for each j ∈ ω. 
The next lemma is proved in the context of PCSLs in [9, Lemma 4.1], but
the proof given there extends effortlessly to PCDLs, because (by [5, Lemma 2])
PCDL is locally finite.
Lemma 2.4. Let A ∈ K and let n ∈ ω. Then A ∈ Bn iff Afin ∈ Bn for every
finite subalgebra Afin ≤ A.
Proposition 2.5. For any n ∈ ω, A ∈ Bn iff A |= (Ln).
Proof. The case n = 0 has been observed previously, so we may assume n ≥ 1.
By Lemma 2.2, B̂n |= (Ln). But then Bn |= (Ln) as quasi-identities are
preserved under I, S, and P. Hence A ∈ Bn implies A |= (Ln).
Conversely, suppose A ∈ K is such that A /∈ Bn. We must show A |= (Ln).
By Lemma 2.4, there is a finite subalgebra C ≤ A such that C /∈ Bn. Let
C ≤ C1 × · · · × Ck be an irredundant subdirect representation of C with
subdirectly irreducible factors. Since C /∈ Bn, there must be a factor Ci for
i ∈ {1, . . . , k}, such that Ci ∼= B̂r with r > n. By Lemma 2.3, Ci |= (Ln).
This implies C |= (Ln), whence A |= (Ln) as C ≤ A. 
Proposition 2.5 establishes the equivalence (1) ⇔ (3) in Theorem 1.1.
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Observe next that K satisfies the identity
f(x1, . . . ,xn)\y ≈ f(x1\y, . . . ,xn\y)\y
for every n-ary operation symbol f in the type of K; cf. [3, Theorem 5.1].
This readily yields
Lemma 2.6. For any A ∈ K and fixed c ∈ A, the relation θc, defined for all
a, b ∈ A by a ≡ b (mod θc) iff a\c = b\c, is a congruence on A. Moreover,
θc = Θ
A(0, c).
Proposition 2.7. Let A ∈ K. Then A |= (Ln) iff for any family of pairwise
disjoint elements {z0, . . . , zn} ⊆ A, we have
⋂n
i=0
{
ΘA(0, zi)
}
= ΔA.
Proof. Suppose A |= (Ln). Let {z0, . . . , zn} ⊆ A be any family of pairwise
disjoint elements and suppose x ≡ y (mod
⋂n
i=0{Θ
A(0, zi)}). Then for every
i ∈ {0, . . . , n}, we have x ≡ y (mod ΘA(0, zi)), so by Lemma 2.6, x\zi = y\zi
for all i = 0, . . . , n. Of course, zj ∧ zk = 0 for all 0 ≤ j < k ≤ n. By (Ln),
x = y. Hence
⋂n
i=0{Θ
A(0, zi)} = ΔA.
Conversely, suppose that for any family {z0, . . . , zn} ⊆ A of pairwise disjoint
elements,
⋂n
i=0{Θ
A(0, zi)} = ΔA. Assume x, y ∈ A and z0, . . . , zn ∈ A are
such that x\zi = y\zi for all i = 0, . . . , n and zj ∧ zk = 0 for all 0 ≤ j < k ≤ n.
By Lemma 2.6, x ≡ y (mod ΘA(0, zi)) for all i = 0, . . . , n. Hence,
x ≡ y (mod
n⋂
i=0
{ΘA(0, zi)}).
As {z0, . . . , zn} ⊆ A is a family of pairwise disjoint elements,
⋂n
i=0{Θ
A(0, zi)}
= ΔA, and so x = y. Thus A |= (Ln). 
Proposition 2.7 furnishes the equivalence (3) ⇔ (4) in Theorem 1.1. This
completes the proof of the main result of the paper.
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